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1 Introduction

Time series of many macroeconomic variables have the appearance of
irregular fluctuations!. The traditional explanation of this is that an
essentially stationary economy is subject to random shocks. Impor-
tant examples of this approach can be found in the works of Lucas
(1975) and Sargent {1979). They argue that when the economy is
subject to a sequence of random shocks, it will behave in a way which
resembles real-life business cycles .

An alternative way in handling irregular bussiness cycles would be
to use a2 model involving non-linear difference (or differential) equa-
tions such as the ones illustrated by Schinasi (1981,1982), Torre (1977).
If 2 model of this sort would exhibit chaotic or cyclic behavior, then
it could provide an explanation for the irregular business cycles?.
Most recent works of this approach are done by Day and Shafer
(1985), who show how chaotic behavior can emerge in the standard
fixed price macroeconomic model when induced investment is strong
enough. Their dynamic model is reduced to a single first-order dif-
ference equation on GDP. The chaotic behavior that emerges in their
model is caused by non-linearities of demand for money and invest-
ment commodities. This paper shows that endogenous business cycles
(including periodic and chaotic behavior) would emerge from a stan-
dard macroeconomic model with a negatively sloped IS curve and
a positively LM curve in the interest rate-output space, respectively.
Economic dynamics of our model is described by two-dimensional first
order deference equations on GDP and interest rate. Therefore our
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model is an extension of Day-Shafer model. Next we demonstate that
a discretionary monetary policy, which reduces the deviation between
an actual interest rate and its target level, can stabilize any endoge-
nous business cycles. Moreover, we illustrate that the stabilization
policy is able to stabilize the irregular endogenous business cycles to
which is added randem shocks.

The paper is organized as follows. First, we specify the structure
of a standard macroeconomic model in Sec.2. Then we demonstrate
a necessary and sufficient condition for local stability of the economic
equilibrium and also illustrate global dynamics which would emerge
from the model in Sec.3. We shows a stabilization policy, that is,
a discretionary monetary policy, that can stabilize any endogenous
business cycle in Sec.4. A few concluding remarks are given in Sec.5.

2 Model

The model is a dynamic intermediate-run I1S-LM model
Yipi=Y+al (Y, Re) +ea, (0<a<l) (1)
Rip1= Ry + GV, Re) +v, (0<p<1). (2)

Equation (1) and (2) represent traditional macroeconomic disequilib-
rium adjustment process for the commodities and money markets re-
spectively. F represents excess demand for commodities and services
and G represents excess demand for money. Both are continuous func-
tions of the interest rate (R), national product (Y'). o and g are the
adjustment speeds of commodity market and money market respec-
tively. ¢; and v, are the stochastic error terms that follow the normal
distribution.

In fixed price regimes, each equation will also be parametrized by
the fixed price level (P = 1). :

We define ' and G as follows :

F(Yi, R) = C(¥:) + I(¥:) = Y. (3)
G(Y:,Ry) = L(Y:, Re) — M/P. (4)

Here C(.}, I{.), and L{.) are the consumption function, the investment
demand function, the money demand function respectively with A,
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the nominal money stock. For IS-LM model, a good discussion is
illustrated by Branson (1972). We assume that M, is constant at M
until the section 3 that we discuss about a stabilization policy. We
further specify these functions as follows :

C(Y-t) =co+ Cl(l/t), (Cg >0,0<e < 1) (5)

7 I, Ry) =ap+ a1V —asRy, (ap>0,0y >0,a2>0). (6)
L(Y;, ) = bpexp(bi(R° — R))Y:, (bg > 0,6, >0, R°>0). (7)
Before analyzing the dynamic model it will be useful and illumi-

nating to consider the geometric properties of the model in (Y, R)
space (the IS-LM analysis}). We get the IS relation and LM relation
as follows :

IS: R, = [(ao +ep) + (a1 + ¢y — 1)Y¢] (8)

1
a2
LM : R‘t:%[lnbo-f'bch-l-an—lnM]. ' (9)

The IS relation has negative first derivative, and the LM relation
has positive first derivative in (¥, R) space. Therefore there exists the
unique equilibrium of the model (¥*, R*} where Y= > 0 and B* > 0.
Figure 1 illustrates IS-LM curves under ¢ = 1, ¢; = 0.6, ap = 1,
a1 =02,a=015=001,00=1, RFF=Tand M = 4.

3 Dynamics

First of all we demonstrate the condition for locally stability of the
equilibrium (¥*  RB*).
The Jacobian of the model (1) and (2) evaluated at the equilibrium
(Y*,R*) is
J= 1+ alfy alFp
| BGy 1+8Gr

where Fy = a1+ ¢, — 1,, Fgp = —as, Gy = byexp(b1(R® — R*))
and Gp = =bgd; exp(bl(R" - R*))Y*.
Then the characteristic equation of J is

(10)
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A—(2+aFy +8GR)A+1+aFy +Gr+aB(FyGr—FrGy) = 0. (11)

The characteristic roots are
Az = {A+ /A% - 4B)/2. (12)

where A = 2 - aFy + 3Gp and B =1 4+ oFy + 8Gr + oB(Fy Ggr —
FrGy).

The necessary and sufficient condition for local stability of the
equilibrium (Y'*, R*) is that the absolute values of ), , are less than 1.
If the following conditions are satisfied, then the equlibrium (Y*, R*)
is locally stable.

The stability conditions for the equilibrium

1. aFy + BGr+ of(FyGr — FrGy) <0

2. (FyGr— FpGy) >0

3. 44 2aFy + 28GR + af(FyGr — FrGy) > 0.

Note that the changes of o and beta does not influence the equi-

librium (Y*, R*). We specify the parameters as follows :

cp=1,e1=06,a=1 e =02, az =0.1,
bo=0.01,0=1,R*=7, M =4 and o = 0.5.

We will use this set of the parameters in all figures below. With the
parameters the equilibrium (Y*, R*) is (8.429843188,3.140313623),

and the above local stability conditions are

0 < 5 < 0.5015657

When g = 0.2 the characteristic roots are

A = —0.206845584, and Xy = —0.893154416.

Therefore in this case the equilibrium (Y*, R*) is locally stable.
Figure 2 (a), (b) show that the time series of GDP Y, and interest rate
R, where 8 = 0.4, ¢, ~ N{0,0.005) and v; ~ N(0,0.05). Both of time
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series are appearently irregular. Since under this set of parameters
the economic equilibrium is stable, the irregularity is caused by only
the random shocks ¢, and v,. On the other hand, under g = 0.7 the
characteristic roots are

Ap =1.793834938, and X, = —0.893834936.

In this case the equilibrium (Y*, R*) is locally unstable.

Figure 3 (a), (b) illustrate the time series of ¥; and R, where
B =07 & ~ N(0,0.005) and v; ~ N(0,0.05). Both of the time
series are apparently irregular. The time series with no stochastic
noise, that is, ¢, = 0 and v, = 0, are deterministically chaotic as we
see below. Hence the irregularity is caused by the endogenous power
of the economic system derived by the nonlinearlity of the money
demand function (7} and the random shocks ¢, and v,.

Comparing Figure 2 with Figure 3, the range of fluctuations of
interest rate in Figure 2 (b) is apparently smaller than the one in
Figure 3 (b). While the time series of GDP in Figure 2 (a) fluctuates
around the equilibrium level Y*, that in Figure 3 (a) fluctuates below
the equilibrium level ¥*. This suggests that stabilizing endogenous
business cycles to the neighborhood of Y* raises the average value of
GDP.

Although it 1s difficult to analyze mathematically the global prop-
erties of the two-dimensional difference equations (1) and (2), the
global properties can be illusirated by performing the computer sim-
ulations. In order to analyze deterministic dynamics of the model we
assume ¢; = 0 and v, = 0. Figure 4 is the bifurcation diagrams with
respect to § that varies smoothly from 0 to 1. The bifurcation dia-
gram shows chaos occurring through a sequence of period doublings
which is one route to chaos as # increases, We present a more global
view of the dynamics of IS-LM model (1) and (2) through a bifurca-
tion diagram with respect to the pair of (8, M), (Period-Chaos Plot).
Figure 5 is Period-Chaos Plot for the dynamic IS-LM model. The pa-
rameter set consists of all pairs of («, ) for the bifurcation parameter
B between 0.39 and 1, and M between (.15 and 5. Figure 5 shows
that except when the money supply M is extremely small, chaos oc-
curs through a sequence of period doublings as the adjustment speed
of money market g8 becomes faster.
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4 Stabilization Policy

The problem faced by the authorities in this model is that irregular
endogenous business cycles will reduce the economic welfare. Figure
3 {a) shows that the average GDP is lower than the equilibrium GDP
Y*. Suppose that the anthorities wish to use money supply to achieve
the equilibrium interest rate R*, and also wish to ensure that the
monetary policy stabilize the economy. We consider the following
simple discretionary monetary policy rule.

M, = M + §(R, — R"). (13)

where M is exogenous money stock, and § is the monetary policy
parameter,

The logic behind this policy is simple to increase money supply
wherever interest rate is above its target level B*, and to decrease it
when it is below its target, provided that optimal § is positive. Con-
sidering the feedback control rule of money supply {12} in conjunction
with the IS-LM model (1} and (2), we obtain the new economic sys-
tem. The Jacobian matrix of the model at (Y*, R*) is

1+ afy aFp

8Gy 1+p8Gp—s|=0 (14)

The characteristic equation is

M o~ (24aFy +8Gr+ A+ 1+aFy +8Gr  (15)
+ af(FyGr— FaGy) — (1 +aFy)s = 0. (16)

The conditions for the stability of (Y, R*) in the dynamic model are
all of the characteristic roots of the Jacobian matrix are less than 1.
Thus the conditions for stabilizing endogenous business cycles by the
discretionary monetary policy (12) follow :

1. &> (QFY -+ ﬁGR + C)!ﬁ(FyGR - FRGY))/(I + C!Fy)
2. < ﬂ(FyGR - FRG}/)/FY
3. § < (44 20Fy + 28GR + af(FyGr — FrGy))/(2+ aFy) .
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under o = 0.5, # = 0.7, co = 1, ¢; = 0.6, ag = 1, a1 = 0.2,
az =01, =001, b =1, R®* = 7, and M = 4, the conditions for
stabilization are as follows :

—2.89265682 < § € —2.1186262.

Figure 6 (a),(b) and (c) illustrate the stabilizing effect of the dis-
cretionary monetary policy (12} with random noises ¢, ~ N (0, 0.005)
and v, ~ N(0,0.05). The time series of GDP and interest rate of
the area A are the economic dynamics (1), (2) with 8 = 0.7 and no
discretionary monetary policy § = (. These fluctuate irregularly. The
authority begins to implement the discretionary monetary policy at
time ¢. The time series of the area B are the economic dynamics after
the implementation of the monetary policy with § = —2.7. In Figure 6
(b) the fluctuations of interest rate after the implementation of the dis-
cretionary monetary policy becomes dramatically smaller than that of
interest rate before the implementation of the discretionary monetary
policy. Furthermore the average value of GDP after the implemen-
tation of the discretionary monetary policy becomes higher than the
average value of GDP before the implementation of the discretionary
monetary policy. Therefore we can say that the discretionary mone-
tary policy raises the economic welfare.

5 Concluding Remarks

We demonstrate that (1) endogenous business cycles occurs form a
dynamic IS-LM model with the standard assumptions when the ad-
justment speed of money market is fast, and that (2) the discretionary
monetary policy can stabilize the endogenous business cycles and can
increase the average GDP level.

It remains to be seen how these findings can be extended to more
general and perusable frameworks including the labor market and the
international trade.

1For instance the existence of significant non-linearities have been reported
for time series of U.S. unemployment, employment, and industrial production by
Brock and Sayers (1988), Scheinkman and LeBaron (1983).

2Useful surveys of the non-linear economic dynamics literature can be found in
Gabisch and Lorenz (1987), Kelsey (1988), Baumol and Benhabib (1989), Boldrin
and Woodford (1990).



Figure 1 : I8-LM Curves
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Figure 2 (a) : Random Walk of GDP Y
a:0.5,[3=0.4.cu=1c1=06a0—1a—U
] B — L = »2; dy = ()]
bo=00L by =1, B =7 and M = 4, ¢ ~ N(0.0.008 ,
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Figure 2 (b) : Random Walk of the interest rate i)

a=05703=04c¢q=1I¢ =00, g = L a; = 0.2, ap = 0.1,
bp = 0.0L, by =1, " =7and M =4, ¢, ~ N(0,0.005) and v, ~
N(0,0.05).
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Figure 3 (a) : Noisy Cbaos of GDT ¥,

a=058=0%co=1¢6 =06 an=1,0 =02 a = 0.1,
h=00Lkh=1LRE=7and M =4, ¢ ~ N{0,0.005) and o ~
N(0,0.05).
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Figure 3 (b) : Noisy Chaos of the iuterest rate f,

a=050=07c=1 ¢ = 0.6, ag=1a =02 e =01,
bo=00L by =1, A =Tand M =4, ¢ ~ N{0,0.00%) and v ~
N(0,0.05).
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Figure 4 : Bifurcation Diagrams with respect to g

The bifurcation diagrain shows chaos occutring through a sequence
of period donblings which is one roule Lo chaos as # increases under
a=05c=1,c =006,a =1, ap = 0.2, az = 0.1, by = 0.01,
hh=1/F=7and M =4, ¢ =0aud vy, =0

18

16

14

Interest Rate

Beta




52

Figure 5 : Period-Chaos Plot for the dynamic IS-LM
model

The bifurcation diagram shows chaos occurring through a sequence
of period doublings which is one route to chaos as A increases under
o = 0.5, Cp = 1, c1 = 0.6, ap = 1, ay = 0.2, dy = 0.1, bo = 0.01,
by=1,R°=7and M =4, ¢ =0 and v, = 0.

“—gwesw <YonoZ

0.39 Beta , o !

1 B
" Period 3 Chaos

Period 1

<k Lot oo BET
eriod 2 Period 4 Period 8 Period 16 Period 32




Chaotic Business Cycles and the Stabilization Policy in a Dynamic Macroeconomic Model 53

Figure 6 : The Stabilizing Effect of the Monetary Policy
for Stochastic Endogenous Business Cycles

Figure 6 (a),(b) and (c) illustrate the stabilizing effect of the dis-
cretionary monetary policy (12) with random noises ¢ ~ N (0, 0.005)
and v ~ N(0,0.05). The time series of GDP and interest rate of the
area A are the economic dynamics (1), (2) with 8 = 0.7 and no dis-
cretionary menetary policy § = 0. These fluctvates irregularly. The
authority begins to implement the discretionary monetary policy at
time g. the time series of the area B are the economic dynamics after
the implementation of the monetary policy with § = —2.7. In Figure 6
(b) the fluctuations of interest rate after the implementation of the dis-
cretionary monetary policy becomes dramatically smaller than that of
interest rate before the implementation of the discretionary monetary
policy. Furthermore the average value of GDP after the implemen-
tation of the discretionary monetary policy becomes higher than the
average value of GDP before the implementation of the discretionary
monetary policy. Therefore we can say that the discretionary mone-
tary policy raises the economic welfare.
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